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REMARKS ON DIMENSIONS OF TRIANGULATED CATEGORIES
TAKUMA AIHARA AND RYO TAKAHASHI
Abstract. In this paper, we explore when a locally finite triangulated category has di-
mension zero or finite representation type. We also study generation of derived categories
by orthogonal subcategories.
1. Introduction
In this paper, we mention two remarks regarding the notion of dimensions of triangu-
lated categories, which has been introduced by Rouquier [R].
The first subject of this paper, which is discussed in Section 2, is to describe “smallest”
triangulated categories. We focus on three kinds of smallness of triangulated categories:
local finiteness, dimension zero and finite representation type. It is natural to ask if there
exist implications among these conditions. We give the following answer to this question.
Theorem 1.1 (Theorems 2.7, 2.10). (1) Let Λ be an Iwanaga–Gorenstein algebra over a
complete local ring with an isolated singularity. The stable category CM(Λ) of Cohen–
Macaulay modules is locally finite if and only if Λ has finite CM representation type.
(2) Let T be a Krull–Schmidt triangulated category. If T is finitely generated and locally
finite, then it has dimension zero. If T is Ext-finite and has dimension zero, then it
is locally finite.
Applying the first assertion of this theorem, we deduce that for an isolated hypersurface
singularity R, the stable category CM(R) is locally finite if and only if it has dimension
zero, if and only if R has finite CM representation type (Corollary 2.14).
The second subject of this paper, which is discussed in Section 3, is to find a generator
G of a derived category D such that the dimension of D with respect to G in the sense
of [AAITY] is as small as possible. This brings us a lower bound of the dimension of the
derived category. The main result on this subject is the following.
Theorem 1.2 (Theorem 3.2). Let A be an abelian category and X a full subcategory. Let
M be an object of A admitting an exact sequence with X0, . . . , Xn ∈ X
0→ Xn → · · · → X0 → N → M → 0
(resp. 0→ M → N → X0 → · · · → Xn → 0)
such that the corresponding element in Extn+1
A
(M,Xn) (resp. Ext
n+1
A
(Xn,M)) is nonzero.
Then M is outside 〈⊥X〉n+1 (resp. 〈X
⊥〉n+1) in the derived category D(A) of A.
Key words and phrases. triangulated category, derived category, dimension, locally finite, orthgonal
subcategory, finite (Cohen–Macaulay) representation type.
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This theorem recovers the lower bounds of the derived dimension given by Rouquier [R,
Proposition 7.14], Krause and Kussin [KK, Lemma 2.4] and Yoshiwaki [Y2, Theorem 1.1].
2. Dimension zero versus local finiteness
Notation 2.1. Throughout this section, let T be a Krull–Schmidt triangulated category.
We use k and R in this section as an algebraically closed field and a commutative noe-
therian complete local ring, respectively. Let Λ be a noetherian R-algebra, i.e., there is a
ring homomorphism R to Λ with the image contained in the center of Λ such that Λ is a
finitely generated R-module. Note that Λ is semiperfect as R is complete (see [A2]).
2.1. Local finiteness. We recall the definition of locally finite triangulated categories.
Definition 2.2. We say that T is locally finite if for each object Y of T ,
(i) there are only finitely many indecomposable objects X with HomT (X, Y ) 6= 0, and
(ii) for every indecomposable object X of T , the right EndT (X)-module HomT (X, Y )
has finite length.
Note that these are equivalent to the dual conditions; see [A1, K].
For an additive category C we denote by C its stable category, i.e., the quotient of C by
the projective objects. This is triangulated if C is Frobenius [H]. We denote by modΛ
the category of finitely generated (right) Λ-modules; it is Frobenius (and hence the stable
category modΛ is triangulated) if Λ is selfinjective. Denote by Db(modΛ) the bounded
derived category of modΛ. Here are examples of a locally finite triangulated category.
Example 2.3. Let Λ be a finite dimensional k-algebra.
(1) The derived category Db(modΛ) is locally finite if and only if Λ is a piecewise hered-
itary algebra of finite representation type.
(2) Suppose that Λ is a selfinjective algebra. Then the stable category modΛ is locally
finite if and only if Λ is of finite representation type.
A triangulated category T is called finitely generated if it admits a thick generator T ,
that is, if T = thick T . Here, thickT is the smallest thick subcategory of T containing T .
Important properties of locally finite triangulated categories are stated in [K], including:
Proposition 2.4. [K, Proposition 4.5] Let T be a finitely generated locally finite trian-
gulated category. Then there are only finitely many thick subcategories of T .
In representation theory of rings, the notion of representation types is one of the most
classical subjects, and the first step is to understand finite representation type. We study
the relationship of local finiteness with finiteness of representation type. For an additive
category C, ind C denotes the set of isomorphism classes of indecomposable objects of C.
Proposition 2.5. Let F be a Krull–Schmidt Frobenius category whose stable category F
satisfies Definition 2.2(ii). Assume that projF = {X ∈ F | Ext1F(M,X) = 0} for some
M ∈ F . Then F is locally finite if and only if it admits an additive generator.
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Proof. The ‘if’ part is evident. For the ‘only if’ part, the local finiteness of F implies that
X = {X ∈ indF | HomF(M [−1], X) 6= 0}
is a finite set; we write X = {X1, . . . , Xn}. Let Y be an indecomposable object of F
which does not belong to X . Then Ext1F(M,Y ) vanishes. By assumption Y has to be
projective, which implies that Y = 0 in F . Thus, we obtain F = add(X1⊕ · · ·⊕Xn). 
For a prime ideal p of R, set (−)p := −⊗RRp. We say that Λ has an isolated singularity
if gl.dimΛp = dimRp for any nonmaximal primes p of R (cf. [IW]). Denote by CM(Λ) the
full subcategory of modΛ consisting of Cohen–Macaulay Λ-modules, i.e., finitely generated
Λ-modules X with ExtiΛ(X,Λ) = 0 for all i > 0. We say that Λ is Iwanaga–Gorenstein
if it has finite right and left selfinjective dimension. An Iwanaga–Gorenstein algebra Λ
is said to have finite Cohen–Macaulay (abbr. CM) representation type if CM(Λ) has an
additive generator. Let us recall a fundamental fact.
Proposition 2.6. Let Λ be an Iwanaga–Gorenstein R-algebra with an isolated singularity.
Then the stable category CM(Λ) is a Krull–Schmidt triangulated category whose Hom-sets
have finite length as R-modules.
Proof. As is well-known, CM(Λ) is Frobenius, and CM(Λ) is triangulated [H]. Moreover,
CM(Λ) (and CM(Λ)) inherits the Krull–Schmidt property from modΛ. LetM and N be in
CM(Λ). Put d := dimR and take a nonmaximal prime ideal p of R. We get isomorphisms
HomΛ(M,N [d])p ≃ HomΛp(Mp, Np[d]) ≃ Ext
d
Λp(Mp, Np) = 0.
Here, the first isomorphism comes from the fact that the functor (−)p is exact and the
last equality holds since gl.dimΛp = dimRp < d. Therefore, we see that HomΛ(M,N [d])
has finite length as an R-module, whence so does any Hom-set of CM(Λ). 
We deduce the following from Propositions 2.5 and 2.6, which extends Example 2.3(2).
Theorem 2.7. Let Λ be an Iwanaga–Gorenstein R-algebra with an isolated singularity.
Then CM(Λ) is locally finite if and only if Λ has finite CM representation type.
Proof. Put S := Λ/ radΛ, where radΛ stands for the Jacobson radical of Λ. As d :=
idΛΛ <∞, we observe that Ω
dS belongs to CM(Λ). We show that ΩdS plays the role ofM
as in Proposition 2.5. Let X ∈ CM(Λ) satisfy Ext1Λ(Ω
dS,X) = 0. Then Extd+1Λ (S,X) = 0.
Thanks to Auslander’s result, X has finite injective dimension; see [GN, Corollary 3.5(3)]
for instance. Hence X is projective. Now Propositions 2.5 and 2.6 complete the proof. 
2.2. Dimension zero. ForX ∈ T set 〈X〉 := add{X [i] | i ∈ Z}. We say T has dimension
zero and write dim T = 0, if T = 〈X〉 for some X ∈ T . The following are well-known.
Example 2.8. Let Λ be a finite dimensional k-algebra.
(1) [CYZ, Theorem] One has dimDb(modΛ) = 0 if and only if Λ is a piecewise hereditary
algebra of finite representation type.
(2) [Y, Corollary 3.10] Suppose that Λ is selfinjective. Then dim(modΛ) = 0 if and only
if Λ is of finite representation type.
Comparing this example with Example 2.3, we have a natural question.
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Question 2.9. Is it true that T is locally finite if and only if it has dimension zero?
A k-linear triangulated category T is called Ext-finite if
∑
i∈Z dimk HomT (X, Y [i]) <∞
for any objects X and Y of T . Here are our answers to Question 2.9.
Theorem 2.10. (1) If T is finitely generated and locally finite, then it has dimension 0.
(2) Assume that T is Ext-finite. If T has dimension 0, then it is locally finite.
Proof. (1) Let T be a thick generator of T and putM := {M ∈ ind T | HomT (T,M) 6= 0}.
Let N be an indecomposable object of T . Since T is a thick generator, we observe that
if HomT (T,N [i]) = 0 for all integers i, then N = 0, contrary to the choice of N . Hence
N [ℓ] belongs to M for some integer ℓ. This shows that every object of T is in 〈M〉, and
thus T = 〈M〉. As T is locally finite, M is a finite set. Therefore, putting M as the
direct sum of all objects in M, one has T = 〈M〉, and obtains dim T = 0.
(2) As dim T = 0, there is an object M ∈ T with T = 〈M〉. Taking an indecomposable
decompositionM = M1⊕M2⊕· · ·⊕Mr, we obtain indT = {Mi[j] | i = 1, . . . , r and j ∈ Z}
by the Krull–Schmidtness of T . Let Y ∈ T . Since T is Ext-finite, there exist only finitely
many indecomposable objects X with HomT (X, Y ) 6= 0, whence T is locally finite. 
The following is an extension of Proposition 2.4 from the viewpoint of Theorem 2.10(1).
Proposition 2.11. If dim T = 0, then T possesses only fnitely many thick subcategories.
Proof. By assumption, we have T = 〈X〉 for some X ∈ T . Write X = X1⊕X2⊕· · ·⊕Xn
with each Xi indecomposable. Let U be a thick subcategory of T . Then we may assume
that X1, . . . , Xm are in U , and Xm+1, . . . , Xn are not in U . Now it is evident that U =
〈X1 ⊕ · · · ⊕Xm〉, and the assertion follows. 
2.3. Applications. In this subsection, let Λ be an Iwanaga–Gorenstein R-algebra with
an isolated singularity. Here is a conjecture, which seems to be folklore:
Conjecture 2.12. The stable category CM(Λ) has dimension zero if and only if the
algebra Λ has finite CM representation type.
In view of Theorem 2.7, we get the following.
Corollary 2.13. Question 2.9 is affirmative for T = CM(Λ) if and only if Conjecture
2.12 holds true for Λ.
This gives a positive answer to Questoin 2.9 in the case where R is a hypersurface.
Corollary 2.14. The following are equivalent for an isolated hypersurface singularity R:
(i) CM(R) is locally finite;
(ii) CM(R) has dimension zero;
(iii) R is of finite CM representation type.
In particular, Question 2.9 is affirmative for T = CM(R).
Proof. It follows from [DT, Propositions 2.4(2) and 2.5] that Conjecture 2.12 holds for
Λ = R, whence Question 2.9 is affirmative for T = CM(R) by Corollary 2.13. 
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3. Generation by orthogonal subcategories
Notation 3.1. Throughout this section, let R be a ring (not necessarily noetherian or
commutative). Let A be an abelian category and X a full subcategory. We denote by ⊥X
(resp. ⊥nX ) the full subcategory of A consisting of objects M such that ExtiA(M,X ) = 0
for all i ≥ 1 (resp. 1 ≤ i ≤ n). Dually, we denote by X⊥ (resp. X⊥n) the full subcategory
of A consisting of objects M such that ExtiA(X ,M) = 0 for all i ≥ 1 (resp. 1 ≤ i ≤ n).
The following is the main result of this section.
Theorem 3.2. Let X be a full subcategory of A, M an object of A and n ≥ 0 an integer.
(1) Suppose that there exists an exact sequence in A of the form
0→ Xn → · · · → X0 → N →M → 0
with X0, . . . , Xn ∈ X such that the corresponding element in Ext
n+1
A (M,Xn) is
nonzero. Then M /∈ 〈⊥X〉n+1 in D(A).
(2) Suppose that there exists an exact sequence in A of the form
0→M → N → X0 → · · · → Xn → 0
with X0, . . . , Xn ∈ X such that the corresponding element in Extn+1
A
(Xn,M) is
nonzero. Then M /∈ 〈X⊥〉n+1 in D(A).
Proof. We only prove the first assertion, because the second one can be shown by a dual
argument. Let L = L0 be the image of the morphism X0 → N , and for each 1 ≤ i ≤ n
let Li be the image of the morphism Xi → Xi−1. Then there is an exact sequence
(3.2.1) 0→ Xn → · · · → Xi → Li → 0
for 0 ≤ i ≤ n. Set L−1 = M and X−1 = N . For each −1 ≤ i ≤ n− 1 the exact sequence
0→ Li+1 → Xi → Li → 0 induces a morphism δi : Li → Li+1[1] in D(A), and we obtain
the composite morphism
η : M [−1] = L−1[−1]
δ
−1[−1]
−−−−→ L = L0
δ0−→ L1[1]
δ1[1]
−−→ · · ·
δn−1[n−1]
−−−−−−→ Ln[n] = Xn[n]
in D(A). The morphism η corresponds to the original exact sequence 0 → Xn → · · · →
X0 → N → M → 0 via the isomorphism Ext
n+1
A (M,Xn)
∼= HomD(A)(M [−1], Xn[n]). By
assumption η is nonzero.
Fix any C ∈ ⊥X and j ∈ Z. Using (3.2.1), we easily see that ExtkA(C,Li) = 0 for all
0 6= k ∈ Z and 0 ≤ i ≤ n, which implies HomD(A)(C[j], Li[h]) ∼= Ext
h−j
A
(C,Li) = 0 for all
0 ≤ i ≤ n and j 6= h ∈ Z. Note also that HomD(A)(C[j], L−1[h]) ∼= Ext
h−j
A
(C,M) = 0 for
all j > h ∈ Z. Now it is easy to check that the induced map
HomD(A)(C[j], δi[i]) : HomD(A)(C[j], Li[i])→ HomD(A)(C[j], Li+1[i+ 1])
is zero for −1 ≤ i ≤ n − 1 since either the domain or target of the map vanishes. This
shows HomD(A)(〈
⊥X〉1, δi[i]) = 0 for all −1 ≤ i ≤ n − 1. Applying the ghost lemma, we
deduce HomD(A)(〈
⊥X〉n+1, η) = 0, which implies M [−1] /∈ 〈
⊥X〉n+1 as η 6= 0. 
To give our next result, we introduce some notation.
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Notation 3.3. Let X be a full subcategory of A. We denote by Xn the full subcategory
of A consisting of objects M such that there exists an exact sequence 0 → Xn → · · · →
X0 → M → 0 in A with Xi ∈ X for all 0 ≤ i ≤ n. Dually, we denote by X
n the
full subcategory of A consisting of objects M such that there exists an exact sequence
0→ M → X0 → · · · → Xn → 0 in A with X i ∈ X for all 0 ≤ i ≤ n.
The first assertion of Theorem 3.2 immediately recovers [Y2, Theorem 1.1] as follows.
Here, ⊥T -tri.dimDb(modR) is the (Rouquier) dimension of the triangulated category
Db(modR) with respect to the full subcategory ⊥T of modR; see [AAITY].
Corollary 3.4 (Yoshiwaki). Let R be a noetherian ring and T a cotilting R-module of
injective dimension d > 0. Then ⊥T -tri.dimDb(modR) = inj.dimT .
Proof. Choose an R-module M with ExtdR(M,T ) 6= 0, and take a Cohen–Macaulay ap-
proximation 0 → L → N → M → 0, that is, an exact sequence of R-modules such that
N ∈ ⊥T and L ∈ (addT )d. Applying Theorem 3.2(1) to A = modR, X = addT and
n = d− 1, we have M /∈ 〈⊥T 〉d. Combine this with [AAITY, Theorem 5.3]. 
Our Theorem 3.2 also gives rise to the following result.
Corollary 3.5. Let X be a full subcategory of A, M an object of A and n > 0 an integer.
(1) If there is an exact sequence 0 → Xn → · · · → X0 → M → 0 which is nonzero in
ExtnA(M,Xn), then M /∈ 〈
⊥X〉n in D(A).
(2) If there is an exact sequence 0 → M → X0 → · · · → Xn → 0 which is nonzero in
ExtnA(X
n,M), then M /∈ 〈X⊥〉n in D(A).
Proof. For (1), as n ≥ 1, we can apply Theorem 3.2(1) to the exact sequence 0→ Xn →
· · · → X1 → X0 →M → 0 to deduce that M /∈ 〈
⊥X〉n, and (2) is shown dually. 
Let M be an object M of A, and let n be a nonnegative integer. We say that M has
projective (resp. injective) dimension n and denote it by pdM = n (resp. idM = n)
if there exists an exact sequence 0 → Pn → Pn−1 → · · · → P0 → M → 0 (resp.
0 → M → I0 → · · · → In → 0) with the Pi projectives (resp. I
i injectives), and no
shorter such sequence exists. The above result deduces the following corollary, whose
partial assertion “M /∈ 〈projA〉pdM if pdM <∞” is nothing but [KK, Lemma 2.4].
Corollary 3.6. For an object M ∈ A one has:
M /∈
{
〈projA〉pdM if pdM <∞,
〈injA〉idM if idM <∞,
M /∈
{
〈⊥(projA)〉pdM if pdM <∞,
〈(injA)⊥〉idM if idM <∞.
Proof. The first assertion follows from the second one since projA and injA are contained
in ⊥(projA) and (injA)⊥, respectively. In what follows, we show the second assertion.
Setting pdM = n < ∞, we have an exact sequence σ : 0 → Pn
f
−→ Pn−1 → · · · → P0 →
M → 0 with Pi ∈ projA for 0 ≤ i ≤ n. Then the morphism
P = (0 −−−→ Pn
f
−−−→ Pn−1 −−−→ · · · −−−→ P0 −−−→ 0)
η
y ∥∥∥ y y
Pn[n] = (0 −−−→ Pn −−−→ 0 −−−→ · · · −−−→ 0 −−−→ 0)
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in D(A) corresponds to σ via the isomorphism HomD(A)(P, Pn[n]) ∼= Ext
n
A(M,Pn). All
the objects of A appearing in the above diagram are in projA, and we can regard η as
a morphism in K(projA). Suppose that η is zero in D(A). Then η is zero in K(projA),
which means that η is null-homotopic. It is easy to observe from this that f is a split
monomorphism inA. This implies thatM has a projective resolution of length n−1, which
contradicts the fact that pdM = n. Therefore η is nonzero in D(A), and it follows from
Corollary 3.5 that M in not in 〈⊥(projA)〉n. The assertion for injA is shown dually. 
Let R be a commutative ring. A finitely generated R-module C is called semidualizing
if the homothety map R→ EndR(C) is an isomorphism and Ext
i
R(C,C) = 0 for all i > 0.
We give an application of Corollaries 3.5 and 3.6, which involves semidualizing modules.
Corollary 3.7. Let R be a commutative noetherian ring, and let C be a semidualizing
R-module. The following hold for a (not necessarily finitely generated) R-module M .
(1) If pdR(HomR(C,M)) = n <∞, then M /∈ 〈
⊥C〉n in D(ModR).
(2) If idR(C ⊗R M) = n <∞, then M /∈ 〈C
⊥〉n in D(ModR).
Proof. Let σ : 0 → Pn → · · · → P0 → HomR(C,M) → 0 be a projective resolution of
HomR(C,M) in ModR. Tensoring C gives an exact sequence
C ⊗R σ : 0→ C ⊗R Pn → · · · → C ⊗R P0 →M → 0
by (the proof of) [TW, Theorem 2.11(c)]. Suppose that C⊗Rσ is zero in Ext
n
R(M,C⊗RPn).
Then σ = HomR(C,C ⊗R σ) is zero in Ext
n
R(HomR(C,M), Pn), and as we have already
seen in the proof of Corollary 3.6, this yields a contradiction. Hence C ⊗R σ is nonzero
in ExtnR(M,C ⊗R Pn), and we can apply Corollary 3.5 for X = addC to deduce that M
is not in 〈⊥C〉n. This shows (1), and a dual argument implies (2). 
Let R be a commutative noetherian local ring. Recall that a finitely generated R-
module M is called (maximal) Cohen–Macaulay if depthM ≥ dimR. If R is furthermore
(Iwanaga–)Gorenstein, then the two definitions of a Cohen–Macaulay module coincide.
We use the same notation CM(R) as in Section 2 to denote the full subcategory of modR
consisting of Cohen–Macaulay modules. From Corollary 3.6 or 3.7, we immediately obtain:
Corollary 3.8. Let R be a noetherian ring, and let M be a finitely generated R-module.
Let n be a nonnegative integer. Then the following statements hold in Db(modR).
(1) If M has projective dimension n, then M /∈ 〈⊥R〉n.
(2) If R is Iwanaga–Gorenstein and M has projective dimension n, then M /∈ 〈CM(R)〉n.
(3) If R is a commutative Cohen–Macaulay local ring with canonical module ω and
HomR(ω,M) has projective dimension n, then M /∈ 〈CM(R)〉n.
To prove our next result, we establish a lemma which should be well-known to experts.
Lemma 3.9. Let R be a commutative noetherian local ring. Let M,N be finitely generated
R-modules with Ext>0R (M,N) = 0. Then depthRHomR(M,N) = depthRN .
Proof. Let k be the residue field of R, and put t = depthRN . There are isomorphisms
RHomR(k,HomR(M,N)) ∼= RHomR(k,RHomR(M,N)) ∼= RHomR(k ⊗
L
R M,N)
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which yield a spectral sequence
Epq2 = Ext
p
R(Tor
R
q (k,M), N)⇒ H
p+q = Extp+qR (k,HomR(M,N)).
Since Epq2 = 0 for all (p, q) with p < t, we see that H
t = Et02 and H
i = 0 for all i < t.
Hence ExtiR(k,HomR(M,N)) = 0 for all i < t, and Ext
t
R(k,HomR(M,N)) is isomorphic
to ExttR(k⊗RM,N). As k⊗RM is a nonzero k-vector space and Ext
t
R(k,N) is nonzero, so
is ExttR(k⊗RM,N), and so is Ext
t
R(k,HomR(M,N)). Thus depthRHomR(M,N) = t. 
In the case of local rings, the number n in Corollary 3.7(1) can be computed by using
the well-established invariant of depth.
Corollary 3.10. Let R be a commutative noetherian local ring, and let C be a semidual-
izing R-module. Let M be a finitely generated R-module such that HomR(C,M) has finite
projective dimension. Then M /∈ 〈⊥C〉n in D
b(modR), where n = depthR − depthM .
Proof. It follows from [TW, Theorem 2.11(c) and Corollary 2.9(a)] that Ext>0R (C,M) =
0, and by Lemma 3.9 we have depthHomR(C,M) = depthM . Using the Auslander–
Buchsbaum formula, we get pdHomR(C,M) = depthR−depth HomR(C,M) = depthR−
depthM . The assertion now follows from Corollary 3.7(1). 
We also detect relationships among orthogonal subcategories.
Corollary 3.11. Let X be a full subcategory of A. One then has:
⊥nX ∩ 〈⊥X〉n+1 ⊆
⊥1(Xn), X
⊥n ∩ 〈X⊥〉n+1 ⊆ (X
n)⊥1
Proof. We only prove the first equality; the second one is shown dually. Pick any object
M in ⊥nX ∩ 〈⊥X〉n+1. Assume that M is not in
⊥1(Xn). Then there exists N ∈ Xn such
that Ext1A(M,N) 6= 0. This implies that there are exact sequences
σ : 0→ N → E →M → 0, τ : 0→ Xn → · · · → X0 → N → 0
in A such that σ is nonsplit and X0, . . . , Xn belong to X . We have morphisms
HomA(M,M)
f
−→ Ext1A(M,N)
g
−→ Extn+1A (M,Xn),
where f, g are induced from σ, τ respectively. The map f sends the identity map idM of
M to the element [σ] ∈ Ext1A(M,N) corresponding to the short exact sequence σ. As σ
is nonsplit, [σ] is nonzero. Splicing σ and τ , we get an exact sequence
υ : 0→ Xn → · · · → X0 → E → M → 0.
The map g sends [σ] to [υ] ∈ Extn+1A (M,Xn). Since M is in
⊥nX , it is easy to see that g is
injective. Hence [υ] is also nonzero. Thus we can apply Theorem 3.2(1) to see that M is
not in 〈⊥X〉n+1, contrary to the choice of M . This contradiction shows the assertion. 
We denote by flR the full subcategory of modR consisting of modules of finite length.
Here is an application of the above result.
Corollary 3.12. Let R be a commutative Cohen–Macaulay local ring of Krull dimension
d > 0 with canonical module ω. Then flR ∩ 〈CM(R)〉d = 0.
REMARKS ON DIMENSIONS OF TRIANGULATED CATEGORIES 9
Proof. Note that CM(R) = ⊥ω in the abelian category modR. Applying Corollary 3.11 to
X = addω and n = d−1 ≥ 0, we see that ⊥d−1ω∩〈CM(R)〉d is contained in
⊥1((addω)d−1).
Let L be an R-module of finite length that belongs to 〈CM(R)〉d. Then L is in
⊥d−1ω
since ω has depth d. Hence L is in ⊥1((addω)d−1), that is, Ext
1
R(L, (addω)d−1) = 0. Take
a minimal Cohen–Macaulay approximation 0 → B → A → L → 0. Then B belongs to
(addω)d. If L is nonzero, then the depth lemma shows that B has depth 1, and again the
depth lemma shows that B is in (addω)d−1. Thus the above exact sequence must split,
which is a contradiction. It follows that L = 0, and the proof is completed. 
Corollary 3.12 immediately recovers [R, Proposition 7.14]:
Corollary 3.13 (Rouquier). Let R be a commutative noetherian local ring with residue
field k. Then k /∈ 〈R〉dimR.
Indeed, we can reduce to the case where R is regular with dimR > 0, and the corollary
applies. One can also recover it from the first assertion of Corollary 3.6.
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